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Abstract
Consider the system
−pu = λ1f (v) + μ1h(u) in Ω,
−qv = λ2g(u) + μ2γ (v) in Ω,
u = 0 = v on ∂Ω,
where sz = div(|∇z|s−2∇z), s > 1, λ1, λ2, μ1 and μ2 are nonnegative parameters, and Ω is a bounded
domain in RN with smooth boundary ∂Ω . We prove the existence of a large positive solution for λ1 + μ1
and λ2 + μ2 large when
lim
x→∞
f (M[g(x)]1/q−1)
xp−1 = 0
for every M > 0, limx→∞ h(x)xp−1 = 0 and limx→∞
γ (x)
xq−1 = 0. In particular, we do not assume any sign
conditions on f (0), g(0), h(0) or γ (0). We also discuss a multiplicity results when f (0) = g(0) = h(0) =
γ (0) = 0.
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Consider the boundary value problem⎧⎨
⎩
−pu = λ1f (v) + μ1h(u) in Ω,
−qv = λ2g(u) + μ2γ (v) in Ω,
u = 0 = v on ∂Ω,
(1.1)
where sz = div(|∇z|s−2∇z), s > 1, λ1, λ2, μ1 and μ2 are nonnegative parameters, and Ω is
a bounded domain in RN with smooth boundary ∂Ω .
Dalmasso in [3] discussed the system (1.1) when p = q = 2, μ1 = μ2 = 0, λ1 = λ2 and f,g
are increasing and f,g  0. In [7], Hai and Shivaji extended the study of [3] to the case when
no sign conditions on f (0) or g(0) were required, and in [6] they extended this study to the
case when p = q > 1. Here we focus on further extending the study in [6] to the system (1.1)
which features multiple parameters and stronger coupling. Our results apply to the case when
f (0), g(0), h(0) or γ (0) is negative (semipositone case), which is mathematically a challenging
area in the study of positive solutions (see [1] and [8]). For a review on semipositone problems,
see [2]. Our approach is based on the method of sub- and supersolutions (see e.g. [4] and [5]).
2. Our results
We make the following assumptions:
(H1) f,g,h, γ ∈ C1(0,∞) ∩ C[0,∞) be monotone functions such that limx→∞ f (x) =
limx→∞ g(x) = limx→∞ h(x) = limx→∞ γ (x) = ∞.
(H2) limx→∞ f (M[g(x)]
1/q−1)
xp−1 = 0 for every M > 0.
(H3) limx→∞ h(x)xp−1 = limx→∞ γ (x)xq−1 = 0.
We establish:
Theorem A. Let (H1)–(H3) hold. Then (1.1) has a large positive solution provided λ1 + μ1 and
λ2 + μ2 are large.
Theorem B. Let (H1)–(H3) hold. Further let f,h,g, and γ be sufficiently smooth functions in
the neighborhood of zero with f (0) = h(0) = g(0) = γ (0) = 0 = f (k)(0) = h(k)(0) = g(l)(0) =
γ (l)(0) for k = 1,2, . . . , [p − 1], l = 1,2, . . . , [q − 1], where [s] denotes the integer part of s.
Then (1.1) has at least two positive solutions provided λ1 + μ1 and λ2 + μ2 are large.
Define f (x) = f (0), g(x) = g(0), h(x) = h(0) and γ (x) = γ (0) for x < 0. We shall estab-
lish Theorem A by constructing a positive weak subsolution (ψ1,ψ2) ∈ W 1,p(Ω) ∩ C(Ω) ×
W 1,q (Ω) ∩ C(Ω) and a supersolution (z1, z2) ∈ W 1,p(Ω) ∩ C(Ω) × W 1,q(Ω) ∩ C(Ω) of (1.1)
such that ψi  zi for i = 1,2. That is, ψi, zi satisfy (ψ1,ψ2) = (0,0) = (z1, z2) on ∂Ω ,∫
|∇ψ1|p−2∇ψ1 · ∇ξ dx  λ1
∫
f (ψ2)ξ dx + μ1
∫
h(ψ1)ξ dx,Ω Ω Ω
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∫
Ω
|∇ψ2|p−2∇ψ2 · ∇ξ dx  λ2
∫
Ω
g(ψ1)ξ dx + μ2
∫
Ω
γ (ψ2)ξ dx
and ∫
Ω
|∇z1|p−2∇z1 · ∇ξ dx  λ1
∫
Ω
f (z2)ξ dx + μ1
∫
Ω
h(z1)ξ dx,
∫
Ω
|∇z2|p−2∇z2 · ∇ξ dx  λ2
∫
Ω
g(z1)ξ dx + μ2
∫
Ω
γ (z2)ξ dx
for all ξ ∈ W := {η ∈ C∞0 (Ω): η 0 in Ω}. In Section 3, we prove Theorem A, in Section 4, we
prove Theorem B and in Section 5, we discuss some examples.
3. Proof of Theorem A
Let σp,σq be the respective first eigenvalues of −p,−q with Dirichlet boundary con-
ditions and φp,φq be the corresponding eigenfunctions with φp,φq > 0; Ω and ‖φp‖∞ =
1 = ‖φq‖∞. Let k0,m, δ > 0 be such that f (x), g(x),h(x), γ (x)  −k0 for all x  0, and
|∇φp|p − σpφpp  m, |∇φq |q − σqφqq  m on Ωδ = {x ∈ Ω: d(x, ∂Ω)  δ}. (This is possible
since |∇φs | 	= 0 on ∂Ω while φs = 0 on ∂Ω for s = p,q .) We shall verify that
(ψ1,ψ2) :=
([
(λ1 + μ1)
m
k0
]1/p−1(
p − 1
p
)
φ
p/p−1
p ,[
(λ2 + μ2)
m
k0
]1/q−1(
q − 1
q
)
φ
q/q−1
q
)
is a subsolution of (1.1) for λ1 + μ1 and λ2 + μ2 large. Let ξ ∈ W . A calculation shows that if
ψ = (Ak0
m
)1/s−1( s−1
s
)φ
s/s−1
s where A is a positive constant, then∫
Ω
|∇ψ |s−2∇ψ · ∇ξ dx =
(
Ak0
m
)∫
Ω
φs |∇φs |s−2∇φs · ∇ξ dx
=
(
Ak0
m
){∫
Ω
|∇φs |s−2∇φs · ∇(φsξ) dx −
∫
Ω
|∇φs |sξ dx
}
=
(
Ak0
m
){∫
Ω
[
σsφ
s
s − |∇φs |s
]
ξ dx
}
for s = p,q.
Note that on Ωδ we have |∇φs |s − σsφss  m for s = p,q . Also on Ω − Ωδ since
φp  μp , φq  μq for some 0 < μp,μq < 1, if λ1 + μ1 and λ2 + μ2 are large, then by (H1)
f (ψ2), h(ψ1), g(ψ1), γ (ψ2) k0m max{σp,σq}. Hence∫
Ω
|∇ψ1|p−2∇ψ1 · ∇ξ dx
=
(
(λ1 + μ1)k0
m
){∫ [
σpφ
p
p − |∇φp|p
]
ξ dx
}
Ω
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m
∫
Ωδ
[
σpφ
p
p − |∇φp|p
]
ξ dx
+ (λ1 + μ1)k0
m
∫
Ω−Ωδ
[
σpφ
p
p − |∇φp|p
]
ξ dx
−(λ1 + μ1)k0
∫
Ωδ
ξ dx + (λ1 + μ1)k0
m
∫
Ω−Ωδ
σpξ dx

∫
Ωδ
[
λ1f (ψ2) + μ1h(ψ1)
]
ξ dx +
∫
Ω−Ωδ
[
λ1f (ψ2) + μ1h(ψ1)
]
ξ dx
=
∫
Ω
[
λ1f (ψ2) + μ1h(ψ1)
]
ξ dx.
Similarly∫
Ω
|∇ψ2|q−2∇ψ2 · ∇ξ dx 
∫
Ω
[
λ2g(ψ1) + μ2γ (ψ2)
]
ξ dx,
i.e. (ψ1,ψ2) is a subsolution of (1.1).
Next, let ep, eq be the solution of −ses = 1 in Ω , es = 0 on ∂Ω for s = p,q . Let (z1, z2) :=
(Cep, (λ2 + μ2)1/q−1[g(C‖ep‖∞)]1/q−1eq). Then∫
Ω
|∇z1|p−2∇z1 · ∇ξ dx = Cp−1
∫
Ω
|∇ep|p−2∇ep · ∇ξ dx = Cp−1
∫
Ω
ξ dx.
By (H2)–(H3) we can choose C large enough so that
Cp−1  λ1f
([λ2 + μ2]1/q−1‖eq‖∞[g(C‖ep‖∞)]1/q−1)+ μ1h(C‖ep‖∞)
 λ1f (z2) + μ1h(z1).
Hence∫
Ω
|∇z1|p−2∇z1 · ∇ξ dx 
∫
Ω
λ1f (z2)ξ dx +
∫
Ω
μ1h(z1)ξ dx.
Also ∫
Ω
|∇z2|q−2∇z2 · ∇ξ dx = (λ2 + μ2)
∫
Ω
g
(
C‖ep‖∞
)
ξ dx

∫
Ω
λ2g(z1)ξ dx +
∫
Ω
μ2g
(
C‖ep‖∞
)
ξ dx.
Again by (H3) for C large enough we have
g
(
C‖ep‖∞
)
 γ
([λ2 + μ2]1/q−1(g(C‖ep‖∞))1/q−1‖eq‖∞)
 γ (z2).
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Ω
|∇z2|q−2∇z2 · ∇ξ dx 
∫
Ω
λ2g(z1)ξ dx +
∫
Ω
μ2γ (z2)ξ dx,
i.e. (z1, z2) is a supersolution of (1.1). Further zi  ψi , i = 1,2, for C large. Thus, there exists
a solution (u, v) of (1.1) with ψ1  u z1,ψ2  v  z2. This completes the proof of Theorem A.
4. Proof of Theorem B
To prove Theorem B, we will construct a subsolution (ψ1,ψ2), a strict supersolution (ζ1, ζ2),
a strict subsolution (w1,w2), and a supersolution (z1, z2) for (1.1) such that (ψ1,ψ2) 
(ζ1, ζ2)  (z1, z2), (ψ1,ψ2)  (w1,w2)  (z1, z2), and (w1,w2)  (ζ1, ζ2). Then (1.1) has
at least three distinct solutions (ui, vi), i = 1,2,3, such that (u1, v1) ∈ [(ψ1,ψ2), (ζ1, ζ2)],
(u2, v2) ∈ [(w1,w2), (z1, z2)], and
(u3, v3) ∈
[
(ψ1,ψ2), (z1, z2)
] ∖ ([
(ψ1,ψ2), (ζ1, ζ2)
]∪ [(w1,w2), (z1, z2)]).
We first note that (ψ1,ψ2) = (0,0) is a solution (hence a subsolution). As in Section 3, we
can always construct a large supersolution (z1, z2). We next consider⎧⎪⎨
⎪⎩
−pw1 = λ1f˜ (w2) + μ1h˜(w1) in Ω,
−qw2 = λ2g˜(w1) + μ2γ˜ (w2) in Ω,
w1 = 0 = w2 on ∂Ω,
(4.1)
where f˜ (s) = f (s) − 1, h˜(s) = h(s) − 1, g˜(s) = g(s) − 1 and γ˜ (s) = γ (s) − 1. Then by The-
orem A, (4.1) has a positive solution (w1,w2) when (λ1 + μ1) and (λ2 + μ2) is large. Clearly
this (w1,w2) is a strict subsolution of (1.1). Finally we construct the strict supersolution (ζ1, ζ2).
Let φp,φq be as described in Section 3. We first note that there exist positive constants c1 and c2
such that
φp  c1φq and φq  c2φp. (4.2)
Let (ζ1, ζ2) = (φp, φq), where  > 0. Let
Hp(x) := σpxp−1 − λ1f (c2x) − μ1h(x) and
Hq(x) := σqxq−1 − λ2g(c1x) − μ2γ (x).
Observe that Hp(0) = Hq(0) = 0, H(k)p (0) = H(l)q (0) = 0 for k = 1,2, . . . , [p − 2] and l =
1,2, . . . , [q−2]. H(p−1)p (0)>0 and H(q−1)q (0) > 0 if p,q are integers, while limr→0 H([p])(r) =
+∞ = limr→0 H([q])(r) if p,q are not integers. Thus there exists θ such that Hp(x) > 0 and
Hq(x) > 0 for x ∈ (0, θ ]. Hence for 0 <   θ we have
σp(ζ1)
p−1 = σp(φp)p−1 > λ1f (c2φp) + μ1h(φp)
 λ1f (φq) + μ1h(φp)
= λ1f (ζ2) + μ1h(ζ1), x ∈ Ω, (4.3)
and similarly we get
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q−1 = σq(φq)q−1 > λ2g(c1φq) + μ2γ (φq)
 λ2g(φp) + μ2γ (φq)
= λ2g(ζ1) + μ2γ (ζ2), x ∈ Ω. (4.4)
Using the inequalities (4.3) and (4.4), we have∫
Ω
|∇ζ1|p−2∇ζ1 · ∇ξ dx = p−1
∫
Ω
|∇φp|p−2∇φp · ∇ξ
=
∫
Ω
σp(φp)
p−1ξ dx
> λ1
∫
Ω
f (ζ2)ξ dx + μ1
∫
Ω
h(ζ1)ξ dx.
Similarly we have∫
Ω
|∇ζ2|q−2∇ζ2 · ∇ξ dx > λ2
∫
Ω
g(ζ1)ξ dx + μ2
∫
Ω
γ (ζ2)ξ dx.
Thus (ζ1, ζ2) is a strict supersolution. Here we can choose  small so that (w1,w2)  (ζ1, ζ2).
Hence there exist solutions (u1, v1) ∈ [(ψ1,ψ2), (ζ1, ζ2)], (u2, v2) ∈ [(w1,w2), (z1, z2)], and
(u3, v3) ∈
[
(ψ1,ψ2), (z1, z2)
] ∖ ([
(ψ1,ψ2), (ζ1, ζ2)
]∪ [(w1,w2), (z1, z2)]).
Since (ψ1,ψ2) ≡ (0,0) is a solution it may turn out that (u1, v1) ≡ (ψ1,ψ2) ≡ (0,0). In any case
we have two positive solutions (u2, v2) and (u3, v3). Hence Theorem B holds.
5. Examples
Example A. Let f (x) =∑mi=1 aixpi − c1, g(x) =∑nj=1 bjxqj − c2, h(x) =∑sk=1 αkxrk − c3,
γ (x) =∑tl=1 βlxdl − c4, where ai, bj , αk,βl,pi, qj , rk, dl, c1, c2, c3, c4  0, piqj < (p − 1)×
(q − 1), rk < (p − 1) and dl < (q − 1). Then it is easy to see that f,g,h and γ satisfy the
hypotheses of Theorem A.
Example B. Let
f (x) =
{
xp1, x  1,
p1
p2
xp2 + (1 − p1
p2
), x > 1, h(x) =
{
xp3, x  1,
p3
p4
xp4 + (1 − p3
p4
), x > 1,
g(x) =
{
xq1 , x  1,
q1
q2
xq2 + (1 − q1
q2
), x > 1, and γ (x) =
{
xq3 , x  1,
q3
q4
xq4 + (1 − q3
q4
), x > 1.
Here we assume p1,p3 > p − 1 if p is an integer, p1,p3 > [p] if p is not an integer, q1, q3 >
q − 1 if q is an integer, q1, q3 > [q] if q is not an integer, p2q2 < (p − 1)(q − 1), p4 < p − 1
and q4 < q − 1. Then it is easy to see that f,g,h and γ satisfy the hypotheses of Theorem B.
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